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Resumen
En la presente tesis se estudiarán tres propiedades fundamentales de los conglomerados de
materia formada por quarks u, d y s llamados strangelets: la energía por barión, el radio y la
carga eléctrica; todo en presencia de campos magnéticos intensos y temperatura finita. Dos
casos nos ocupará la atención: strangelets en la fase desapareada, donde no existe restricción
del número de sabores de quarks, y un caso particular de la fase superconductora de color,
donde si existe dicha restricción y una energía de gap adicional. Estudiaremos la estabilidad de
los strangelets, medida por la energía por barión, para comparar con la del 56Fe : el isótopo más
estable que existe en la Naturaleza. Empleamos el formalismo de Gota Líquida del Modelo de
Bag del MIT para describir la interacción entre los quarks. Llegamos a la conclusión de que los
efectos del campo tienden a disminuir la energía por barión de los strangelets y la temperatura
produce el efecto contrario. Se muestra además que los strangelets en la fase superconductora
de color son más estables que aquellos en la fase desapareada, para una energía de gap del
orden de 100 MeV. El radio de los strangelets muestra un comportamiento análogo al de los
núcleos, con respecto al número bariónico y presenta poca variación tanto con el campo como
con la temperatura. Se obtiene que la presencia de campos magnéticos modifican los valores
de la carga eléctrica con respecto al caso no magnetizado, siendo estas mayores (menores) para
los strangelets en la fase desapareada (superconductora).
Abstract
In this thesis is studied three fundamental properties of clusters of matter made of quarks u, d
and s called strangelets: the energy per baryon, the radius and the electric charge, all in the
presence of intense magnetic fields and finite temperature. Two cases will take our attention:
unpaired phase strangelets, where there is no restriction to the number of flavors of quarks, and
a particular case of the color superconducting phase, where exists a restriction to the quark
numbers and an additional energy gap. We study the stability of strangelets, measured by the
energy per baryon, to compare later with that of the 56Fe : the most stable isotope known in
nature. We use the Liquid Drop formalism of the Bag Model MIT to describe the interaction
between quarks. We conclude that the field effects tend to decrease the energy per baryon
of strangelets and temperature produces the opposite effect. It is also shown that strangelets
in the color superconducting phase are more stable than those in the unpaired phase for an
energy gap of about 100MeV. The radius of strangelets shows an analogous behavior with
the baryon number, as that of the nuclei, and shows small variations with the magnetic field
and temperature. It is obtained that the presence of magnetic fields modify the values of the
electric charge regarding the non-magnetized case, being these higher (lower) for strangelets in
the unpaired phase (superconducting).
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0.1. GENERAL INTRODUCTION
0.1 General Introduction
One of the main achievements of Theoretical Physics of the last century, is the formulation of
the Standard Model of Particle Physics; among its contributions, includes the idea that the
“visible” matter of our Universe is composed of fermions as building blocks. These interact
through the so-called gauge bosons : the photon (electromagnetic interaction), the bosons W±
and Z0 (weak interaction), and 8 gluons g (strong interaction) 1. Within the group of fermions
are the quarks and leptons (and their antiparticles), which, according to the Standard Model,
are grouped into three generations, as shown in the following table:
Leptons Quarks
Generation Name Symbol Name Symbol
1ra Electron neutrino νe− Up u
Electron e− Down d
2da Muon neutrino νµ Charm c
Muon µ Strange s
3ra Tau neutrino ντ Top t
Tau lepton τ Bottom b
Table 1: Leptons and quarks: building block of the Standard Model.
Quarks and antiquarks, through the three fundamental interactions of the Standard Model,
can form states of two and three particles called hadrons. The latter are divided into two
subfamilies: the baryons (three quarks combinations) and mesons (combinations of a quark
and an antiquark). Among the best known hadrons are: the protons and neutron, which as we
know, are in atomic nuclei; see Fig.(1).
1The Standard Model is not a complete theory of the fundamental interactions because it does not include
gravity (the fourth interaction), whose boson gauge is the graviton G. There is also a large number of numerical
parameters, including mass and coupling constants to be introduced in the theory, instead of being derived from
first principles.
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Figure 1: Eightfold way construction of the baryon octet and meson nonet via quark
combinations: In the figure is illustrated, in the left panel, the spin 1/2 baryon octet, in which are included
the neutron, proton and the hyperons Ξ±,Λo,Σ±,Σo, which are heavier and unstable particles. The right panel
shows the quark composition of the spin 0 meson nonet; among them, are included the pion triplet (pi0, pi−, pi+),
very well know in Nuclear Physics.
The interaction arising between quarks to form hadrons, is know as Strong Interaction which
is mediated through the exchange of gluons, and mathematically it is described by the Quantum
Chromodynamics Field Theory (QCD). QCD is a quantum field theory, whose gauge group 2
is non-abelian [1]. This makes QCD a highly non-linear theory that has special features very
different from those of Quantum Electrodynamics (QED). In particular, QCD has two very
important properties: asymptotic freedom and color confinement. Asymptotic freedom is the
property by which the quarks interaction disappears in the limit of infinite momentum. In other
words, at very high energies, quarks behave as quasi-free particles; therefore the interaction
could be studied using perturbative methods. The theoretical description of asymptotic freedom
was developed by scientists David Gross, Frank Wilczek [2] and David Politzer [3], who received
for such a work the Nobel Prize for Physics in 2004. In the years ′60s, the asymptotic freedom
was first observed experimentally at Stanford Linear Accelerator (SLAC) at energies in the
range 1GeV− 1TeV [4].
By contrast, for intermediate or low energies (. 1GeV), the QCD equations of motion, in
their natural form, are non-linear due to the non-abelian character of the gauge group. This
is the regime where the second feature of QCD plays a fundamental role: color confinement;
the interaction energy between quarks increases with the separation between them. These two
particular features of QCD, make possible to conceive, at least theoretically, the fact that at
very high densities and/or temperatures, quarks and gluons can be unconfined or quasi-free,
because the “intensity” of the strong interaction decreases with the increasing energy.
Color confinement is responsible for not being able to observe free quarks in Nature, but
in the form hadrons; however, numerical calculations of non-perturbative QCD, predict the
2The QCD equations are invariant under transformations of the gauge group SU(3).
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existence of a critical temperature Tc ' 150 ∼ 180MeV, above which, they lose their individ-
uality, producing an unconfined quark and gluon plasma (QGP). However, there’s a lack of
observational evidence that such a plasma exists in Nature, but currently there are developing
experiments to produce such a state. Among the most important experiments are found, the
the Large Hadron Collider (Large Hadron Collider: LHC) at CERN and Ion Collider Relativis-
tic Heavy (Relativistic Heavy Ion Collider: RHIC) [5] in Brookhaven, New Jersey; in which
very high temperatures will be achieved, producing a kind of “modern version” of the early
universe.
While those experiments are waiting to be realized, on the other hand, astrophysicists con-
tinue to search for information coming from astrophysical and cosmological origins, that could
prove the existence of the free QGP in Nature. In astrophysical environments, for example: in-
side Neutron Stars (NS), matter is so compressed that could reach densities higher than normal
nuclear density nb = 3.93×1014 g cm−3. These objects therefore constitute stellar laboratories
“par excellence” [6].
Due to the high densities in the NS nuclei, a phase transition of the neutrons fluid (and
other hadrons) could occur, to a gaseous phase of unconfined quarks and gluons, as suggested by
QCD; in this way, they could explain some of the anomalous X-rays bursts observations, high
rotational speeds and low surface temperatures, found in pulsars and NSs that do not match the
predictions made by the canonical models. It would take place then in the neighboring regions
to the stellar core, a conversion of the hadronic matter, in particular, neutrons and protons into
Strange Quark Matter (SQM): matter made of quarks u, d and s in thermodynamic equilibrium
with gluons. This phase transition was first conjectured in 1971 by A. R. Bodmer [7]; and if
it’s true, one could expect the discovery of even more exotic compact objects than the NSs:
stars formed by quarks or Quark Stars (QSs). This conjecture also ensures that the SQM at
high density, low temperature and zero pressure, is the most stable state of matter in Nature;
even more stable than the iron isotope 56Fe.
Theoretical studies of QCD, support the idea that at very high densities and low tempera-
tures, the SQM could transit to a new phase of even lower energy: the color superconductivity
phase. This state has similar properties to ordinary superconductivity as it is formed by anal-
ogous “Cooper pairs” due to the color interactions between quarks, with the appearance of the
corresponding energy gap. It stands in color superconductivity, the Color-Flavor Phase-Locked
(CFL) [8, 9], where the quarks color and flavor charges are correlated to form a symmetrical
pattern.
If Bodmer’s conjecture is true, one might expect that atomic nuclei, consisting of protons
and neutrons, constitute meta-stable and relatively long lifetime states of certain fragments
of the SQM called strangelets [10]. Those “chunks of strange matter”, made by u, d and s
quarks, in equilibrium through mechanisms of the weak interactions, were first studied in [10],
as bounded states of the SQM with baryon numbers A ≤ 107. The discovery of these states
may be the decisive proof that there’s SQM and/or free QGP in Nature. Possible sources of
production of strangelets could be: the collision of Compact Objects, Supernovae Explosion,
Heavy Ion Relativistic Colliders as the LHC and RHIC [11], or even from Cosmic Rays emitted
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during the primary formation of the SQs [12, 13].
There are no doubts about of the importance of the magnetic field and temperature in the
stability of the SQM; both in the astrophysical context [14, 15, 16, 17, 18], as well as in the
accelerators of relativistic particles environment. Indirect measurements show the existence of
very strong magnetic fields, of the order of 1013−1015 G, which may be even higher ' 1019 G in
Compact Objects nuclei such as pulsars, magnetars, NSs, and X ray emitting sources [19, 20].
In this context, the effects of temperature are dispensable compared to magnetic field and high
densities; however, temperature plays an important role in environments low densities as heavy
ion colliders, as well as strong magnetic fields.
Strangelets, as being objects of great interest to both, the astrophysics and experiments
in particle accelerators community, to their study in the presence of strong magnetic fields
and taking the effects of temperature, we will focus in this thesis. To describe the interaction
between quarks, a phenomenological model of QCD will be used: the MIT Bag Model 3, in
particular, the Liquid Drop Model formalism, developed in Refs [10, 21] and used successfully
in Refs [21, 22, 23, 24] to study the strangelets at zero magnetic field. With the inclusion
of the magnetic field and temperature, the results can be applied both in the astrophysical
context as well as in heavy ion colliders. I will take into account also the effects of magnetic
field and temperature on the surface properties of the quark and gluon gas, with the aim of
studying the size of strangelets, their electric charge and stability, thereof measured by their
energy per baryon. Predate to this study, there are the works of [10, 21, 22, 23, 24, 25, 26],
where the basic properties of strangelets were studied at finite temperature and zero magnetic
field. Both studies took into account the hydrostatic equilibrium of strangelets, to obtain stable
or metastable configurations depending on a set of characteristic parameters and in particular
the phases of the SQM of what they are made of. In this thesis, I will analyze separately
strangelets formed by the SQM in the unpaired and paired phases CFL [23, 26], both in the
presence of strong magnetic fields.
The thesis is organized as follows. The first chapter is introductory and it is devoted to
discuss some of the important properties of the QCD and the most common phenomenological
models used in the description of the strong interactions; which will then be applied to my
study. The MIT Bag model will be described and explained the Liquid Drop Model formalism;
for which turns out to be easier to incorporate the effects of the magnetic field and temperature,
as well as obtaining equilibrium configurations of strangelets by minimizing the free energy with
respect to the volume. I provide a brief discussion on the stability of the SQM and the possible
phases in which it could be found.
The second chapter is reserved to discuss the main properties of strangelets and the most
common models used to study them; in particular, I will focus on the Liquid Drop Model
formalism of the MIT Bag Model, which will guide our study. I will discuss those thermody-
namic expressions that will be useful to study the energy per baryon, the radius and the Debye
screening of the electric charge within strangelets; and the contribution of the Coulomb energy.
Finally, I will cite some of the experiments that are being carried out to detect strangelets in
3Massachusetts Institute of Technology.
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Nature.
The third chapter is devoted to discuss the role of the magnetic field on strangelets: the
modifications that it produces on the surface and curvature terms respectively; while the orig-
inal part of the thesis is reserved for the fourth chapter, in which I will write the mechanical
equilibrium conditions and write the equations that one must solve to obtain stable configura-
tions of strangelets. First I will do it for strangelets made of Magnetized Strange Quark Matter
(MSQM or unpaired phase) and then for strangelets of SQM in the Magnetized CFL (MCFL)
phase. The results and discussion of the main physical properties for both types of strangelets
will be shown. Posteriorly, I will present the conclusions and recommendations of this thesis,
as well as directions for future work.
5
Chapter 1
The Strange Quark Matter
In this first chapter the key concepts for our study will be introduced. A grosso modo description
will be given of the main properties of QCD and some of the consequences of this theory;
then I consider one of the alternative phenomenological models of QCD: the MIT Bag model.
Following this, I will discuss about the hypothesis of the existence of the SQM, its stability and
the color superconductivity states in which it could be found.
1.1 Quantum Chromodynamics and Phenomenological Mod-
els
The existence of quarks, idea proposed by Murray Gell-Mann and Kazuhiko Nishijima in the
early ′60s of the last century, allows a better understanding of the hadronic spectrum, describing
them as combinations of quarks: particles of spin 1/2. These, like the leptons of the Standard
Model (see Table 1), have certain “charges” that make them susceptible to the fundamental
interactions:
• Each quark can be found in three states of “color charge”: “red”, “green” or “blue”; then
they undergo the strong interaction. None of the leptons possess color charge, in this
sense they are said to be “white” and thus are deprived of such interaction.
• The u, c and t quarks carry an electric charge of 1 +2
3
, and the d, s and b, quarks of −1
3
;
therefore, they are susceptible to the electromagnetic interaction. The electron, muon
and tau lepton carry −1 of electric charge, which also interact via electromagnetic field
as well. None of the neutrinos carry electric charge.
• The “flavor”, as well as the isotopic spin of quarks and leptons, allow them to interact
weakly.
1In units of the positron electric charge: e = 0.302818 in CGS system.
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The dynamics of the interaction between quarks, through the exchange of gluons is studied
by the QCD. It is a non-abelian quantum field theory, whose symmetry group is SU(3) with
Lagrangian density given by:
LCDC = ψ¯ (iγµDµ − mˆ)ψ − 1
4
GaµνG
µν
a , (1.1)
whereGaµ(x) and ψ(x) represent the gauge fields or gluons and the quark flavor fields (u, d, s, c, t, b),
respectively; mˆ = diag(mu,md,ms, . . .) is the mass matrix, γµ are the Dirac matrices, while
the covariant derivative is given by
Dµ = ∂µ − igTaGaµ, (1.2)
which contains the details of the strong interaction, being g the corresponding coupling constant
and a, indexing the color charge. The Gell-Mann matrices Ta, or SU(3) generators, satisfy the
corresponding commutation relations
[Ta, Tb] = fabcT
c, (1.3)
f 123 = 1, f 147 = f 165 = f 246 = f 257 = f 345 = f 376 =
1
2
, f 458 = f 678 =
√
3
2
, (1.4)
being fabc the totally antisymmetric structure constants in their three indices2 The gluon field
tensor Gaµν(x) is expressed via Gaµ(x) through the usual relation:
Gaµν = ∂µG
a
ν − ∂νGaµ − gfabcGbµGcν . (1.5)
The precense of a third term in Eq.(1.5), leads to non-linear equations of motion for the
fields Gaµ(x) and ψ(x), which rarely have analytic solutions; neither using perturbation theory
since at the energy scales nowadays accessible to experiments, the strong coupling constant
evaluates nearly g2 ∼ αc ' 1, in contrast to QED in which e2 ∼ αγ ' 1/137; for this reason,
one has to use alternative phenomenological perturbative methods.
On the other hand, there’s a subtlety in QCD due to the non-abelian property of its gauge
group: the asymptotic freedom. Since not all the structure constants are zero, in Eq.(1.1)
there appears a term proportional to g2, which in the one-loop approximation [27] one can be
compute the coupling constant and gives
g2
4pi
' 4pi
(11− 4
3
Nf ) ln(µ2/Λ2QCD)
, (1.6)
where Nf is the quark flavor number, µ is a scale chemical potential and ΛQCD ∼ 200−300 MeV
is the renormalization cutoff. From this, one can notice that at high densities ∼ µ3, g2 is almost
negligible, reason why quarks can be treated as quasi-free particles.
Another less obvious property of the QCD is the color confinement, although it is accepted
as intrinsic in the theory, this idea has only intuitive and phenomenological character, as there’s
2In Eq.(1.4) are shown the non-zero structure constants.
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no formal evidence, at least by now, obtained from the corresponding equations. This intuitive
feature, is a phenomenon caused by the strong coupling between quarks, where non-perturbative
effects predominate at low energy scales.
An alternative method to give solution to the QCD equations, is based in a space-time
discrete as a lattice. In particular, for QCD, the lattice model associated is called in the
scientific literature as Lattice QCD. It simulates a discrete space-time rather than continuous,
which introduces a threshold value in the linear momentum of the order of 1/ρ, where ρ is the
grid spacing. The latter connections are made through straight lines forming a net in space-
time, whose vertices are occupied by quarks, and the gluons exchange occurs through these
connections. As the lattice spacing decreases, a more realistic description of the problem is
obtained. This new description allows to alternatively study properties of QCD, and is by far,
the best approach existing to solve in a non-perturbative way the equations of this theory [30].
One of the main achievements of these techniques, is predicting a “deconfinement” transition
of the quark phase inside hadrons, to form the QGP at temperatures close to T = 170 MeV [31].
The main limitation is the high computational cost that involves to solve a dynamical system
of nonlinear partial differential equations of second order. Such computational cost increases
as it grows the number of quarks in each specific problem; for this reason, Lattice QCD is used
only in problems of QCD where prevail low densities and high temperatures. Therefore, the
main applications of these techniques are found in studies and experiments of very high energy
phenomena, such as, collisions between ions and heavy nuclei in particle accelerators.
The “material impossibility” to describe the properties of QCD in the regime of high densi-
ties, has allowed to formulate two different categories of alternative phenomenological models,
and applied them to the wide range of physical situations where QCD plays a primordial role;
including the determination of Equations of State (EOS) that enables us to study the SQM in
stable configurations. Static and dynamical models are both successfully used. An example of
a static model is the MIT Bag Model, and a dynamical one is the Nambu-Jona-Lasinio Model
(NJL). The first is static, in the sense that the quark masses have to be set in advance as input
constants as well as the strong coupling constant g and the Bag parameter Bbag, reproducing
confinement as it will be shown later; while the second is dynamic, in the sense that the quark
masses are determined self-consistently. The main shortcoming of this second model is that it
does not reproduce the confinement of quarks; although it is noteworthy that recently has an
extension to the Nambu-Jona-Polyakov-Lasinio Model(PNJL), where such effect is reproduced
[32]. From now on, we will focus on the study of the MIT Bag Model, which will be used in
this thesis.
1.1.1 MIT Bag Model
The phenomenological MIT Bag Model, introduced in the mid ′70s [28, 29, 33], at the beginning
was used to describe the hadronic matter; however, due to its versatility, its uses have spread
to the search of EOS for the SQM, as well as the description of strangelets [10, 21, 22, 23, 25].
8
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This model describes free quarks confined in a limited region of space of closed surface S called
the Bag, characterized by a δ-Dirac potential.
Mathematically it is formulated through the Lagrangian density [28, 29, 33]:
LMIT =
(
ψ¯(iγµDµ −m)ψ − 1
4
GaµνG
µν
a −Bbag
)
θs − 1
2
ψ¯ψδs . (1.7)
The factor θs, represents a step function, taking the value 1 inside the volume enclosed by the
surface S and 0 outside, reproducing phenomenologically the color confinement of QCD with
the aid of the Bag constant Bbag. The last term of Eq.(1.7), represents a surface density term,
whose interpretation is the following: quarks are distributed within the volume always running
away from the surface.
Eq.(1.7) by construction is invariant under Poincaré transformations, therefore, energy and
momentum are conserved quantities and the equality ∂T µν/∂xµ = 0 holds, being T µν the
components of the energy-momentum tensor, which are given as
T µν = ∂ψ
∂xµ
δLMIT
δ(∂νψ)
− δµνLMIT, (1.8)
denoting by δ/δ(ψ) the functional derivative. Taking this into account, one can impose the
boundary conditions on the enclosing surface S for the quark and gluon fields ψ(x) and Gaµν(x)
respectively [28, 29]: 
Bbag = −1
2
ηµ
∂
∂xµ
(ψ¯ψ)− 1
4
GaµνG
µν
a , ~x ∈ S,
ηµj
µ = ηµψ¯γ
µψ = 0, ~x ∈ S,
ηµG
µν
a = 0, ~x ∈ S,
(1.9)
where ηµ is an unitary normal vector to S. The first boundary condition expresses the conser-
vation of the total energy of the system, while the second and third, forbid the formation of
quark and gluon color currents across the boundary surface.
This model was used in Refs [28, 29] to study the properties of hadrons, where the surface
S plays an important role. Its uses have been also extended to situations where these surface
effects are less important compared to the volumetric ones. In these cases are the QSs, which
contain a high number of particles ∼ 1056 and thus a thermodynamical formalism of the MIT
Bag model is used by macroscopically averaging all physical quantities. It is then interpreted
Bbag as a negative pressure Pvac = Bbag exerted on the system by the vacuum that surrounds
it, mimicking the confinement 3
3To be noted that in all the computations I will use the Natural System of Units, where ~ = 1, c = 1 and
k = 1, where k is the Boltzmann constant.
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The macroscopic average of the energy-momentum tensor given by Eq.(1.8), for a perfect
fluid (in co-moving coordinates) in a static and spherically symmetric space-time, it is diagonal
and can be written as:
〈Tµν〉 =

E 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P
 (1.10)
being E the total energy density and P is the total pressure of the system. These two expres-
sions, for an ideal gas made of quarks u, d and s, can be written as
E =
∑
f=u,d,s
Ef +Bbag, P =
∑
f=u,d,s
Pf −Bbag, (1.11)
Ef = Ωf + µfNf + TSf , Pf = −Ωf (1.12)
where the sum is extended through the quarks flavor number; the terms Ef and Pf correspond
to the kinetic contributions of quarks to the energy density and pressure given by Ωf , µf , Nf ,
T , Sf , which are: the thermodynamical grand potential, the chemical potential, the particle
density, temperature and entropy respectively; this is illustrated in Fig.(1.1).
Figure 1.1: Recreative illustration of how it is realized the color confinement in the MIT Bag
Model for systems with high densities.
Despite its simplicity, it is a model widely used in the description of the SQM at high den-
sities, which takes account of confinement and asymptotic freedom, which is essential for stars.
Among its main deficiencies are: not being a dynamical model as the masses of quarks must
be fixed in advance, like as well as Bbag. It also violates the chiral symmetry and confinement
are described in terms of Bbag as a free parameter [28, 29].
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1.2 The Bodmer-Witten-Terazawa hypothesis
The enigma of disintegration (at human accessible energy scales) of most of the hadrons (except
the proton and its antiparticle) and the radioactivity of the atomic nuclei, makes us question
about the stability of matter we know. This is one of the many puzzles of the millennium, as
stated by David Gross. It is based on the knowledge of the fundamental state of matter and in
which kind of environments this state could be found.
The hypothesis of Strange Quark Matter, idea proposed by A. R. Bodmer [7] in 1971, gives
a first answer to this question. This hypothesis states that the SQM is more stable than the
56Fe: the most stable isotope know in Nature. According to this hypothesis, then reinforced by
E. Witten [34], H. Terazawa [35], E. Farhi and Jaffe RL [10], the SQM is the ground state
of the matter; one of the most intriguing speculations of Modern Physics. Its formation would
require a rich environment of s quarks or the direct formation of a QGP. It is important to
note that this hypothesis introduces an upper bound for the values that can take the energy
per baryon E/A of the SQM, i.e., to preserve stability, it must always meet the relationship
E
A
∣∣∣∣
SQM
≤ E
A
∣∣∣∣
56Fe
. (1.13)
This has been proven in Ref.[10] for a wide range of values of the MIT Bag Model parameters.
If true, it would be natural then to ask oneself: why if the SQM is the fundamental state of
matter, are we not composed by it?
As stated in the Bodmer-Witten-Terazawa conjecture, as is also known in the scientific
literature, the fact that the SQM more stable than ordinary atomic nuclei, does not contradict
at all what we see in everyday life. Nuclei do not decay into “strange nuclei”. We know that
the s quarks decay into u and d quarks, electrons and neutrinos (antineutrinos) through Weak
Interaction mechanisms; however, the inverse process to occur, requires a weak transition that
makes u and d quarks, which make up the nucleon (n and p), to transform into s quarks, as
shown in the chain reaction:
d↔ u+ e− + νe, u+ e− + νe ↔ s, s+ u↔ d+ u. (1.14)
In this case, the time that would take to materialize this transition is an eternity; times compa-
rable to 1060 years, which is longer than the estimated age of the Universe. That’s the reason
why the matter we observe nowadays does not exhibit strangeness features; however, we know
about the existence of forms of matter as old as the Universe itself: stars, where such mecha-
nisms may take place [36]. Therefore, one of the scenarios in Nature where the SQM might
be present is reserved to the nuclei of NSs, where gravity is in charge of compressing matter,
reaching densities of subnuclear orders and remain in that state for ages.
Equation of State for the SQM
If Bodmer-Witten-Terazawa conjecture is true, then, to find an EOS for the SQM in high density
and low temperature environments, under β−equilibrium and electric charge neutrality, which
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is supposed to be the natural habitat of this form of matter, would be of great importance to
estimate characteristic parameters of QSs. In this subsection I show a first simple application
of the MIT Bag Model to find an EOS for the SQM in stellar equilibrium.
The MIT Bag model, considers in this case free quarks moving inside the star, forming a
gas of fermions; color confinement is ensured through the parameter Bbag, which has to be fixed
in advance or calculated from some specific data from the star as the matter density, etc. For
simplicity and understanding of what will be derived, I assume that the quarks u, d and s are
in the ultra-relativistic regime, that is to say that their kinetic energies far exceed their rest
energies or in a more simple way, assume mf → 0, which is a great simplification since the s
quarks are very massive compared with u and d. One then can obtain, under such assumptions,
as it was already done in Ref.[37] a very simple EOS for the quark gas; it would serve to study
the mass-radius relations of stars, and the stability of the SQM itself. In this example, I do
not take into account the presence of gluons, electrons and neutrinos, which could arise from
the chain of reactions given by Eq.(1.14); in stellar equilibrium, it is supposed that time has
passed enough such that neutrinos are no longer present [37].
From the degenerate limit4 T = 0 and considering ultra-relativistic quarks, one can obtain
the kinetic pressure for each quark gas:
Pf =
df
24pi2
µ4f , (1.15)
being µf the chemical potentials per quark flavor f (Fermi momenta); the factor df = 6 = 3×2
counts the three color degrees of freedom times the two spin projections onto the z−axis.
The particle density and the energy density for each flavor are:
Nf =
df
6pi2
µ3f , (1.16)
and
Ef =
df
8pi2
µ4f (1.17)
respectively. Notice that neglecting the presence of electrons and neutrinos, and taking into
account the β−equilibrium condition, the chemical potentials satisfy the equations
µu = µd = µs ≡ µ, (1.18)
which imposes automatically the global electric charge neutrality due to the equality of the
densities Nf , since qu + qd + qs = (2− 1− 1)/3 = 0.
From Eqs.(1.15) and (1.17) one can obtain the relation Ef = 3Pf , which substituting into
Eqs.(1.11), lead to the EOS we wanted to obtain:
P =
1
3
(E − 4Bbag) . (1.19)
4We use this approximation since in stars T/Tf ∼ 10−4, where Tf is the Fermi temperature.
12
1.2. THE BODMER-WITTEN-TERAZAWA HYPOTHESIS
The hydrostatic equilibrium condition P = 0, allows the computation of the Bag constant as:
E = 4Bbag, (1.20)
which means that the QSs are self bounded objects; the color confinement, through the negative
pressure Bbag, is the responsible mechanism of the cohesion of matter inside the star.
Now we can proceed to estimate the value of Bbag taking into account the typical density
of a NS, equals to the normal nuclear density: nb = 3.93× 1014 g cm−3 ' 0.16 fm−3. Since we
have ignored the presence of electrons and neutrinos, from Eq.(1.18) one obtains:∑
f=u,d,s
Pf =
df
8pi2
µ4 . (1.21)
Since the total pressure P is zero, Eq.(1.11) leads to the relation between the common chemical
potential µ and Bbag:
µ =
(
8pi2Bbag
df
)1/4
. (1.22)
The star density coincides with the total baryon density, this relation is given by
nb =
1
3
∑
f=u,d,s
Nf . (1.23)
Taking this into account, one can write nb = Nf = dfµ3/(6pi2) ' 0.63 fm−3, which gives
µ3/pi2 = 0.63 fm−3. Finally, using Eq.(1.22), one obtains, B1/4bag ' 145 MeV.
1.2.1 Stability of normal quark matter in stellar equilibrium
Now consider a gas of ultra-relativist quarks at T = 0 composed only by u and d quarks;
this state of the quark matter is called in the literature as normal quark matter. The stellar
equilibrium conditions imposes the charge neutrality, which in this case can be written as
2Nu = Nd,
where for simplicity, no electrons and neutrinos have been taken into account. Defining µ2 in
terms of the chemical potentials of the u and d quarks by µ2 = µu = 2−1/3µd, then, the baryon
density is
nb =
Nu +Nd
3
=
µ32
pi2
.
The gas pressure is
P2 = Pu + Pd =
(1 + 24/3)
4pi2
µ42 ;
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and substituting into Eq.(1.11) for the total pressure P , and imposing the hydrostatic equilib-
rium condition P = 0, we get:
µ2 =
(
4pi2
1 + 2
4
3
)1/4
B
1/4
bag .
With this equation, one can express nb as a function of Bbag and taking into account that
E = 4Bbag, the energy per baryon is
E
A
=
E
nb
= (2pi)1/2(1 + 24/3)3/4B
1/4
bag .
Evaluating for the value of Bbag we found before: B
1/4
bag = 145 MeV, one obtains
E
A
∣∣∣∣
u,d
' 934 MeV.
Now let’s explore one can very the values of Bbag, such that the energy per baryon is less
than the corresponding to the normal nuclear matter. For a neutron gas, this energy is equal
to the neutron mass mn = 939, 6 MeV, while for the isotope 56Fe, the energy per baryon can
be computed as: E/A|56Fe = (56mn− 56× 8, 8)/56 = 930 MeV. The stability of normal matter
with respect to the neutron gas, requires that E
A
∣∣
u,d
< mn, which is always valid as long as
B
1/4
bag < 145 MeV. With respect to the isotope
56Fe, one has instead E
A
∣∣
u,d
< E
A
∣∣
56Fe
, which puts
a bound on Bbag of B
1/4
bag < 144 MeV. In Nature one can observe neutrons and the isotope
56Fe,
but not normal matter, therefore, we can conclude that the values of Bbag should be higher
than those previously obtained. Usually in literature one takes the value B1/4bag = 144 MeV as
the lower bound of this parameter.
1.2.2 Stability of strange quark matter in stellar equilibrium
In the case of a quark gas with the three flavors u, d and s, one writes again the electric charge
neutrality condition as,
2Nu = Nd +Ns .
Defining now µ3 = µu = µd = µs, the expression for the pressure of the three flavor quark gas,
given by Eq.(1.21), becomes
P3 = Pu + Pd + Ps =
3µ43
4pi2
.
The equivalent relation to Eq.(1.22), between the chemical potential µ3 and Bbag, in this
case is:
µ3 =
(
4pi2
3
)1/4
B
1/4
bag .
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Using the condition given by Eq.(1.20), and writing nb as a function of Bbag, one obtains the
energy per baryon evaluated for the value of B1/4bag = 145 MeV
E
A
∣∣∣∣
u,d,s
=
E
nb
= (2pi)1/233/4B
1/4
bag ' 829 MeV.
Recall that the energy per baryon of a neutron gas is given by the neutron mass mn =
939.6 MeV, while for the isotope 56Fe it is E/A = 930 MeV. One can conclude that
E
A
∣∣∣∣
u,d,s
<
E
A
∣∣∣∣
56Fe
<
E
A
∣∣∣∣
u,d
< mn ,
for values of B1/4bag < 163 MeV, therefore, the SQM is the most stable.
Figure 1.2: Comparison of the energy per baryon E/A, for the isotope 56Fe, normal and strange
quark matter as a function of the baryon density [38].
It worths to emphasize that one earns approximately 100 MeV per baryon when a new quark
flavor is introduced in the description. This fact proves the Bodmer’s conjecture using the MIT
Bag Model: the SQM is more stable than nuclear matter and in particular, than the most
stable nucleus that exists in Nature: the iron isotope 56Fe, see Fig.(1.2). We can understand,
intuitively, that this result is due to the Pauli exclusion principle. In the case of the SQM, the
baryon number is divided into three Fermi energy seas instead of two, as in the case of normal
matter. Thus, in a regime of high densities, the state with unconfined quarks u, d and s will
have a lower energy than the state with only two flavors u and d.
1.3 QCD phase diagram and color superconductivity
The analysis performed in the preceding section, has taken into account the zero temperature
ultra-relativistic limits; however, there are certain environments where those limits are not
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appropriate, they don’t describe adequately the overall behavior of the system under study; for
example, depending on the temperature T and chemical potential µ, quark matter in general,
may appear essentially two regimes. The first would be a “hot phase” when T  µ, forming the
QGP. The Universe could have been probably in this stage the first seconds after the Big Bang,
when the temperature was extremely high and very low baryon density. Another environment
where one could find the QGP in the hot phase are heavy ion colliders, where the plasma
temperature is very high, compared with the density.
As the QGP temperature keeps decreasing, the QGP undergo through a series of different
stages, beginning with the nucleation of hadronic bubbles; mechanisms like this are the basis of
the hadronization of the Universe. Strangelets are considered as possible remains of this process
and they are supposed to have survived till nowadays, in equilibrium, minimizing its free energy.
Once formed hadrons, the first nuclear reactions and the synthesis of the light elements such as
Deuterium and Helium5. The latter, then they occupy the centers of stellar objects capturing
other elements to form those super-dense bodies that register the astrophysicists.
On the other hand, the QGP can also appear in a low temperature and high density T  µ
environment such as inside the NSs to later transform into QSs. This phase transition, would be
occurring in the Universe each time a massive star explodes as a Supernova, with the consequent
emergence of a NS. Once reached the equilibrium state in the interior of the NS, the QGP moves
toward the SQM.
Figure 1.3: Phase diagram of QCD: The figure shows the temperature and density regions at which
matter exists as a nuclear fluid, hadron gas, or plasma of quarks and gluons. The line on the left shows the path
that will follow RHIC experiments, and try to reproduce the conditions in the early Universe. It starts from the
stage of the PQG until normal nuclear matter. The line at the bottom of the diagram, traces the path taken
by a NS. Heavy ion collisions follow a path between these two cases, simultaneously increasing the temperature
and density. In the right panel is shown an extension of the phase diagram where are also shown the regions
where the SQM can be found in the color superconducting phase.
A qualitative scheme of the situations described in the preceding paragraphs are shown in
5The QGP is considered the starting point for the synthesis of all the chemical elements.
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Fig.(1.3). At low temperatures and densities, the system can be described in terms of hadrons
nucleons and internal excitation states as mesons, etc. In the regions of high temperatures
T ≥ Tc and higher densities, ∼ 5−10 nb, the proper description is in terms of quarks and gluons.
The transition between these regions can be abrupt, as in boiling water with a latent heat (first-
order transition), no latent heat (second order), or just a gentle pace but fast (crossover). In
any case, the physics changes drastically between the two regimes of low and high temperatures.
In Fig.(1.3) is shown also a second phase transition, from normal nuclei, which are in a liquid
state to a gas of nucleons. These two phases can coexist at temperatures below 15− 20 MeV,
and densities in the range of the normal nuclear matter nb.
At relatively low temperatures and high densities, a new phase transition is conjectured
to appear, from the SQM towards a more symmetric state: the color superconductivity state
[9, 40, 41]. This idea, first proposed in Ref.[42], suggests that the color superconducting phase
of the SQM, consists of diquark condensates, analogous to the electron Cooper pairs existing in
ordinary superconductors. This latter phenomenon arises from the coupling of electrons whose
fundamental interaction is repulsive. The attractive interaction needed for pairing electrons
and form Cooper pairs, comes from the phonons or lattice vibrations. The difference with color
superconductivity is that in this case, the attractive interaction arises itself naturally from the
fundamental interactions of the theory, mediated by gluons.
Quarks are spin 1
2
fermions, hence, they obey the Pauli exclusion principle. At zero tem-
perature and high densities, asymptotic freedom keeps them free of interactions, filling all the
energy levels Ep till the Fermi energy µF , which is represented by the Fermi-Dirac distribution
function at T = 0 : f(p) = θ(µF − Ep). Quarks with energies near the Fermi level interact
via the exchange of gluons; such interaction is attractive if both quarks are in a color antisym-
metric state, which lead to the formation of quark pairs breaking locally the symmetry. As a
consequence, there appears at least one energy gap ∆ that characterizes the condensate [39]:
∆ ∝ 〈ψtOψ〉 (1.24)
O = Ocolor ⊗Osabor ⊗Ospin, (1.25)
where the operator O acts on the color, flavor and spin states ψ.
Depending on the flavors and colors the pairs are formed, the color superconducting state is
classified. The two most important patterns are: the pairs are formed between only two flavors
(u, d) or (u, s), or even (d, s), know as 2SC phase; and the most symmetrical pattern, where the
three quark flavors u, d and s may form pairs (u, d), (u, s), and (d, s). This last pairing pattern
is known as Color Flavor Locked phase or CFL phase.
The 2SC phase is called like this because of the pairing between only two quark flavors,
conventionally it always points in the blue-antiblue direction, i.e., quarks u−reds pair with
quarks d−greens, while quarks d−reds pair with quarks u−greens, forming antiblue pairs; blue
quarks do not pair [39] and therefore do not contribute to the energy gap. But for the CFL
phase, such quark pairings are uniform, all contribute to this energy gap.
In astrophysics, color superconductivity became more popular when it was discovered that
the value of the energy gap of the color superconductor, could reach 100 MeV, for baryon
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densities typical of the NSs. Theoretical results suggest that inside those stars may be a
superconducting phase of the SQM, of CFL-type, which would be a more stable state than
SQM [9, 40, 41].
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Chapter 2
Strangelets and properties
2.1 Strangelets
Among the biggest challenges of this century in stellar astrophysics, figure the proof if the SQM
can actually exist inside dense compact objects. If the SQM or preferably the CFL phase is the
fundamental state of matter, then we can expect to find inside NSs, forming Hybrid Stars or
QSs [36, 43]. To check this, one needs indications that clearly justify the presence of quarks,
for example, with the emission of particles from such celestial bodies.
One possible solution would be to detect strangelets from the interstellar medium. The
formation of these may be due to the collision of compact objects, supernovae explosions or even
from the first glimmerings caused by the conversion of NSs to QSs. Other studies also suggest
that strangelets could be produced by collisions between heavy ions in the ultra-relativistic
accelerators such as the LHC and RHIC [11]; experiments on cosmic rays are also in search of
these particles [12, 13].
But, what are the strangelets? In Ref.[10] were defined as small lumps of the SQM, whose
dimensions are comparable with atomic nuclei, a few femtometres (fermi) fm = 10−13cm, and
baryon numbers in the range 1 ≤ A < 107. As systems with a few quarks, one might think on
Lattice QCD to study their main properties, however, the MIT Bag model has more applica-
tions, because the calculations are computationally less difficult.
Recall that in the MIT Bag model, it is necessary to introduce an auxiliary surface S to
reproduce the confinement of quarks. In the works of [10, 21, 22, 25], have considered a spherical
surface and they have estimated their radii, i.e., strangelets would be like packed spheres with no
more than 107 quarks inside, see Fig.(2.1). Furthermore, these studies suggest that the radius
R depends on the baryon number similar to that of spherical atomic nuclei R = r0A1/3, where
r0 is a critical radius, which for nuclei is estimated to be equal to 1.12 fm [22]. These estimates
may be of great interest to the astrophysics community, who seek strangelets upcoming from
cosmic rays and could reach the Earth’s atmosphere.
19
2.1. STRANGELETS
Figure 2.1: In the left panel is shown an artistic recreation of a strangelet. The right panel shows
a comparison between a stangelet and the Carbon isotope 12C with the same baryon number.
The inferior panel shows a strangelet and an orbiting electron cloud; as the strangelet’s radius
increases, electrons can go inside the strangelet.
One of the main features of strangelets is their electric charge, which is due to their small
sizes. Their radii are estimated to be not greater than the Compton’s wavelength of electrons:
λe ' 2.43 × 103 fm and therefore the presence of electrons inside strangelets is forbidden,
analogous to what happens in the atomic nucleus, see Fig.(2.1). This leads to electrically
charged strangelets, result which is in contrast to what happens in stars, where the overall
charge neutrality is a prerequisite.
The sign of electric charge would also be a very important factor; many authors speculate
cataclysmic situations depending on this. If strangelets have positive charge, they will repel
nuclei who are in their way; however, if they are negatively charged, they would attract nuclei
producing internal excitation states, becoming strange nuclei and fastly decaying and leading
to a natural disaster [21].
Regarding the stability of strangelets; in the works of [10, 21, 22, 24, 25] they studied
strangelets at T = 0, showing that their energy per baryon is lower than the 56Fe. At finite
temperature T 6= 0, strangelets can be found in meta-stable states, but if they survive at least
0.01 milliseconds, their presence can be detected by heavy ion collision experiments [21], by
the traces they leave in the particle detectors.
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2.2 Shell model
As a first approach to the study of strangelets, one can use the MIT Bag model described
in the previous chapter; this model has already been used to study the EOS and the energy
by baryon of a quark gas at high densities. In this and the next sections, I will consider two
equivalent formalisms of the MIT Bag model to study the main properties of strangelets, which
keep close analogy with two of the best known models used in Nuclear Physics. The first of
these is similar to the Nuclear Shell Model.
In Refs.[21, 25] were studied spherical strangelets considering quarks as noninteracting
fermions. When solved the Dirac equation and imposing the appropriate boundary condi-
tions on the sphere S of radius R, given in Eqs.(1.9) (neglecting the gluon fields, i.e. Gaµ = 0) a
quark distribution within strangelets is obtained analogous to the distribution of protons and
neutrons in the Nuclear Shell Model. Protons and neutrons are distributed in shells thanks
to the nuclear potential, while in the case for quarks quark, there’s no such potential, but the
shell distribution comes from the boundary conditions.
The total energy of the strangelet is given by the sum of the kinetic energy of quarks plus
the Bag contribution; this is expressed through the following expression:
E =
∑
f=u,d,s
∑
i
[
Nf,i
√
p2f,i +m
2
f
]
+
4pi
3
BbagR
3 (2.1)
where the sums is performed over the three quark flavors and total angular momentum quantum
number j, related to the index i by: i = ±(j + 1
2
). The factor Nf,i = 3(2j + 1) corresponds
to the number of quark flavors per energy levels (the number 3 corresponds to the three color
degrees of freedom), mf is the quark mass, their momenta pf,i and the radius of the sphere R.
After solving the Dirac equation one obtains the recurrence relations:
fi(pf,iR) =
−pf,i√
p2f,i +m
2
f +mf
fi−1(pf,iR) (2.2)
and the equivalent to Eqs.(1.9) is given by
∂E
∂R
= 0. The functions fi(pf,iR) are given in terms
of
fi(z) =
{
ji(z), si i ≥ 0
(−1)i+1j−i−1(z), si i < 0
(2.3)
which contain the Bessel spherical functions ji(z); while the baryon number can be written as:
A =
1
3
∑
f=u,d,s
∑
i
Nf,i, (2.4)
which is considered as a constant.
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Figure 2.2: Energy per baryon for strangelets with a Bag constant of B1/4bag = 145 MeV. It is
also shown the curves corresponding to different masses of the s quarks ms = 0− 300 MeV, in
steps of 50 MeV and increasing order, with the corresponding magic numbers[21].
In Fig.(2.2) is shown the energy per baryon E/A for strangelets made up by u, d and s
free quarks, zero temperature and spherical surface. For small values of A, E/A takes higher
values, overcoming the energy per baryon of the isotope 56Fe: E/A = 930 MeV and therefore
are vulnerable to radioactive disintegration. On the other hand, in the limit A→∞, the energy
per baryon approaches decreasingly a constant value which is lower than the energy per baryon
of 56Fe for the used value of Bbag.
The quark distribution in strangelets follows a shell filling model, which are easily recognized
in Fig.(2.2). The first shell is filled completely at A = 6 (3 colors and 2 spin orientations for
each quark flavors); the following complete shells are observed for A = 18, 24, 42, 54, 60, 84, 102,
etc. (magic numbers). As the value of ms increases, the distribution of the magic numbers gets
shifted to the left, filling the first shell at A = 4.
2.3 Liquid drop model
Another model used in the study of strangelets, is an extrapolation of the Liquid Drop Model,
widely used in Nuclear Physics. This model predicts the spherical shape of some nuclei, the
relationship between the electric charge and the baryon number, some of the mechanisms of
nuclear disintegration and the energy levels of small deformed nuclei.
Extrapolated to the study of strangelets, as thermodynamic formalism of the MIT Bag
model, it has the advantage that the effects of finite temperature T , surface corrections and
Coulomb interaction can be taken into account and the magnitudes that depend on T are
relatively easy to handle numerically, unlike the shell model [21], which requires working with
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functions of mathematical physics such as Bessel functions. Another advantage is that the
surface corrections are considered as a perturbation to the density of states of free quarks and
gluons using the Multiple Reflection-Expansion Method; these in turn can be interpreted as
corrections to the thermodynamic potential and related thermodynamical functions such as the
particle density, entropy, etc. The Multiple Reflection-Expansion Method was developed by R.
Balian and C. Bloch in Ref. [44], and extended to the study of strangelets in Ref.[10, 21],
whereas the surface and curvature terms are identified with a correction to the density of states
of gas of non-interacting particles
dNf
dp
=
dfp
2V
2pi2
+ dfGf,s
(
mf
p
)
pS + dfGf,c
(
mf
p
)
C, (2.5)
being V = 4pi
3
R3, S = 4piR2, C = 8piR, and R, the volume, surface area, curvature and radius of
the spherical surface enclosing the gas. The structure of the factors Gf,s
(
mf
p
)
and Gf,c
(
mf
p
)
will be described in the following subsection.
2.3.1 Thermodynamical potential
In the Liquid Drop Model formalism of the MIT Bag model, strangelets are described in terms
of a gas of quarks u, d and s and gluons in thermodynamical equilibrium with surface and
curvature corrections, and for simplicity it considers the surface enclosing the gas is a static
closed surface, such that the expansion pressure generated by the gas is counteracted by a
negative pressure exerted from the Bag surface.
To balance both pressures, one must know the expression of the thermodynamic potential1
Ω, which in Ref.[21] is written as:
Ω = Ωg + Ωqq, (2.6)
Ωg = Ωg,v V + Ωg,cC, (2.7)
Ωqq = Bbag V +
∑
f=u,d,s
[Ωf,v V + Ωf,s S + Ωf,cC] . (2.8)
The contribution of gluons to the thermodynamic potential is represented by the term Ωg,
while Ωqq corresponds to quarks q (antiquarks q). As gluons are massless spin 1 bosons, their
contributions to the surface thermodynamic potential is zero [10, 21, 26], that is why in Eq.(2.7)
only appears the volumetric and curvature contributions
Ωg,v(T ) = −dgpi
2
90
T 4, Ωg,c(T ) =
dg
36
T 2, (2.9)
being dg = 16 the degeneracy factor (8 gluons times 2 spin projections).
1In this work, the thermodynamic potential Ω will be computed at the tree level.
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On the other hand, the quarks-antiquarks contribution to the bulk thermodynamical po-
tential, present in Eq. (2.8), is written as
Ωf,v(µf , T ) = − dfT
(2pi)3
∫
ln
(
f+p f
−
p
)
d3p, (2.10)
where
f±p = 1 + e
−(Ep,f∓µf )/T , (2.11)
contains the details of the particle (f+p ) and antiparticle (f−p ) distribution functions, T denotes
the temperature, Ep,f the energy of each quark given by the spectrum, df = 6 is the degeneracy
factor, and µf are the chemical potentials.
The factor Bbag V takes into account the Bag’s energy, interpreting Bbag as a vacuum pres-
sure, which reproduces the color confinement of quarks as has been already explained in the
previous chapter. It is important to note that in this case, the appropriate units for Bbag in
this context are in MeV fm−3 and not MeV4 as we used to write in the previous chapter. To
convert MeV4 to MeV fm−3, simply divide by (~c)3 and extract the fourth root 2. Thus, a value
of B1/4bag = 145 MeV equals to Bbag ' 57.8 MeV fm−3. From now on, this conversion will be used
for the values of Bbag.
The surface contribution to the thermodynamical potential for the quark-antiquark gas
present in Eq. (2.8) is written as:
Ωf,s =
dfT
16pi3
∫
Gs ln
(
f+p f
−
p
) d3p
|~p| ,
Gs = arctan (mf/|~p|) .
(2.12)
The factor Gs has into account the modification to the density of states according to the
Multiple Reflection-Expansion Method, see Eq.(2.5). For massless particles this factor vanishes
even at finite temperature; but for massive particles, the density of particles derived from it is
always negative, which implicitly contains the boundary conditions of the MIT Bag Model.
In an analogous fashion, one can write the curvature corrections to the thermodynamical
potential for quarks and antiquarks [21]:
Ωf,c = − dfT
48pi3
∫
Gc ln
(
f+p f
−
p
) d3p
|~p|2 ,
Gc = 1− 3
2
|~p|
mf
arctan (mf/|~p|) .
(2.13)
In this case, the factor Gc was derived in Ref.[21] to fit the computations of the energy per
baryon in the Shell Model for large values of the baryon number as it is shown in Fig.(2.3).
2The value of ~c is 197.326968 MeV fm.
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Figure 2.3: Energy per baryon for strangelets at T = 0MeV and Bag constant Bbag =
57 MeV fm−3. It is shown the curves corresponding to the Shell Model and the Liquid Drop
Model (continuous lines) for different values of ms = 0− 300 MeV (in steps of 50 MeV).
Once know the thermodynamical potential containing the bulk Eq.(2.10), surface Eqs.(2.12)
and curvature (2.13) corrections, one can compute the particle densities by
Nf,v = −∂Ωf,v
∂µf
, Nf,s = −∂Ωf,s
∂µf
, Nf,c = −∂Ωf,c
∂µf
, (2.14)
and later compose the total number of particles of each flavor
Nf = Nf,v V +Nf,s S +Nf,cC. (2.15)
A third of the sum flavor of the total number of particles is the baryon number A given in
Eq.(2.4), which is considered as a constant for strangelets.
In the same fashion, one can compute the entropies as:
Sf,v = −∂Ωf,v
∂T
, Sf,s = −∂Ωf,s
∂T
, Sf,c = −∂Ωf,c
∂T
, (2.16)
S =
∑
f=u,d,s
[Sf,vV + Sf,sS + Sf,cC] . (2.17)
It is noteworthy that this formalism of the MIT Bag Model has a purely thermodynamic
features, so it doesn’t describe with precision the physical situation for strangelets with a few
quarks; however, using the surface and curvature terms, they reproduce similar results as the
Shell formalism (except the magic numbers), for small values of baryon number; this is shown
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in Fig.(2.3), where certain equivalence is observed between the two descriptions for large values
of baryon number A [21]. This allows us to use the Liquid Drop formalism to study the main
properties of strangelets, such as: energy per baryon, radius and electric charge.
2.3.2 Electric charge and Coulomb interaction
As I already argued in Sec.(2.1) of this chapter, the electric charge of the strangelets is due to
its small size. For A < 107, their radii are estimated not to exceed the Compton wavelength of
electrons; therefore, the presence of these within strangelets can be completely neglected. This
leads to strangelets having a net electric charge, which is not homogeneously distributed within
the strangelets Ref.[45].
The free electric charge distribution inside strangelets is given by:
Z = ZV + ZS, (2.18)
ZV = ρV V, Zs = ρSS + ρCC (2.19)
being
ρV =
∑
f=u,d,s
qfNf,v, ρS =
∑
f=u,d,s
qfNf,s, ρC =
∑
f=u,d,s
qfNf,c (2.20)
the corresponding bulk, surface and curvature charge density distributions3; however, when the
strangelet radius overcome the Debye length R ≥ λD ' 5.1 fm
(λD)
−2 = 4pi
∑
f=u,d,s
q2f
(
∂Nf,v
∂µf
)
, (2.21)
the charge screening effects and the coulombian interactions are of great importance and have to
be included [45, 46, 47]. This effect predicts that for R ≥ λD, strangelets behave as conductors,
being electrically neutral in the interior and the excess of the electric charge is distributed on
the surface, precisely within a layer of width λD.
I will treat the screening of the electric charge in the framework of the Thomas-Fermi
approximation, following Ref.[45]. In this case we have three charge carriers, the quarks u, d
and s respectively. The chemical potentials of the gases formed by these carriers vary spatially
as a result of the electrostatic potential V (r) generated by the quarks electric charges; however,
the chemical potentials must always satisfy the conditions of β− equilibrium
µu(r) + quV (r) = µd(r) + qdV (r) = µs(r) + qsV (r) = µ, (2.22)
where the chemical potential µ is constant due to the Thomas-Fermi approximation.
3The magnitudes ρSS and ρCC contribute to the total surface electric charge.
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Considering V (r)  µ, the bulk charge density, depending on the radial coordinate r, is
given by
ρV (r) = ρV − V (r)
4piλ2D
, (2.23)
from where one can write the associated Poisson equation for the electrostatic potential and
the boundary conditions it must satisfy:
∇2V (r) = −4piρV (r), (2.24)
lim
r→0
V (r) <∞, (2.25)
V (R) =
eZapant
R
. (2.26)
Integrating in spherical coordinates Eq.(2.24), one gets:
V (r) = 4piρV λ
2
D
1− 1
cosh
(
R
λD
) sinh
(
r
λD
)
r
λD
 (2.27)
ρV (r) =
ρV
cosh
(
R
λD
) sinh
(
r
λD
)
r
λD
; (2.28)
hence, from Eq.(2.26) one obtains finally
Zapant =
4pi
e
Rλ2D ρV
[
1− λD
R
tanh
(
R
λD
)]
. (2.29)
The Coulomb energy is given by:
EC = 2pi
∫ R
0
[
V (r)ρV (r)r
2dr
]
, (2.30)
EC = 4pi
2Rρ2V λ
4
D
[
2− 3λD
R
tanh
(
R
λD
)
+ cosh−2
(
R
λD
)]
, (2.31)
which should be added to the total energy.
2.3.3 Free energy and hydrostatic equilibrium condition
To obtain hydrostatically stable configurations of strangelets, we need that the free energy
attains a minimum with respect to the volume. This minimum represents the most stable
configuration the strangelet can reach and it is found by solving the equation
∂F
∂V
∣∣∣∣
N,T
= 0, (2.32)
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keeping fixed the baryon number A given by Eq.(2.4). This equilibrium state is achieved when
the total expanding pressure exerted by the gas of quarks and gluons compensates the negative
pressure exerted by the Bag surface, which means to ask that P = 0, where P = −Ω/V , and
Ω is given by Eq.(2.8). Globally, strangelets may be considered as closed statistical systems
where the temperature and generalized forces, including the volume [48] and the total number
of particles is constant.
The Helmholtz Free Energy or simply Free Energy, is written as
F = Fg + Fqq + EC ,
Fg = Ωg,v V + Ωg,cC,
Fqq = Bbag V +
∑
f
[Ff,v V + Ff,s S + Ff,cC] ,
(2.33)
where Fg and Fqq represent the contributions of gluons and quarks(antiquarks) respectively,
while EC is the Coulomb energy given by Eq.(2.31). The bulk, surface and curvature contribu-
tions of quarks and antiquarks to the free energy, are given by the following expressions:
Ff,v = Ωf,v + µfNf,v,
Ff,s = Ωf,s + µfNf,s,
Ff,c = Ωf,c + µfNf,c.
(2.34)
The total energy of the strangelets is obtained from the free energy by adding the contri-
bution from the entropy TS, i.e E = F + T S, begin S the total entropy of the system, given
by Eq.(2.17).
2.4 Stability of strangelets
Similarly as we proceeded in the sections (1.2.1) and (1.2.2), I will study now the conditions
under which strangelets are stable, considering quarks u, d and s in the ultra-relativistic limit,
T = 0 and neglecting the contribution of gluons. The set of thermodynamical quantities to
begin the study are given by
Ωf,v = −
µ4f
4pi2
, Nf,v =
µ3f
pi2
, Ef,v =
3µ4f
4pi2
, (2.35)
Ωf,c =
µ2f
8pi2
, Nf,c = − µf
4pi2
, Ef,c = −
µ2f
8pi2
. (2.36)
Notice that I haven written the surface contributions Ωf,s since they become negligible for ultra-
relativistic particles mf ∼ 0. Since electrons cannot coexist with quarks within strangelets, I
take the three chemical potentials as equals, which means that I use Eq.(1.18). Under these
considerations, one obtains electrically neutral strangelet configurations due to the fact that
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the sum of the quarks electric charges are zero; reason why I ignore also the screening effects
and the Coulomb energy contribution, and the free energy can be written as:
F =
4pi
3
R3Bbag +
3µ4
pi
R3 − 3µ
2
pi
R. (2.37)
Using Eq.(2.32), which is equivalent to minimize the free energy F given in Eq.(2.37) with
respect to the radius R, one obtains the following relationship:
R =
µ√
3µ4 + 4pi
2
3
Bbag
. (2.38)
If the chemical potential increases, the radius decreases and viceversa; the same happens with
the Bag constant Bbag. The baryon number is given by
A =
4µ3
3pi
R3 − 2µ
pi
R; (2.39)
therefore, now we can compute the chemical potential and estimate Bbag for a baryon number
of A = 100 for example.
Indeed, using R = 0.89A1/3 fm, which will be plenty justified later, one obtains R =
4.13 fm, giving µ ' 300 MeV. Substituting these results in Eq.(2.37), one has E/A = F/A =
681.52 MeV + 2.95Bbag fm3.
The stability, relative to the isotope 56Fe, requires E/A < 930 MeV, from where we obtain
that Bbag is allowed to vary between: 0 ≤ Bbag < 84 MeV fm−3; which means that for strangelets
with baryon number A = 100, which corresponds to approximately 300 quarks, stability requires
that Bbag < 84 MeV fm−3. In Cap IV we generalize these results for strangelets with massive
quarks, finite temperature, the presence of gluons, strong magnetic fields and the effects of the
color superconductivity.
2.5 Production of strangelets and ongoing experiments
In the astrophysics literature, one can find a number of phenomena attributable to strangelets;
among them they are: collisions of EQs, anomalies of cosmic ray bursts in Cygnus X-3, the
extraordinarily high luminosity of the Gamma Ray Bursts in the N49 remnant of the Large
Magellanic Cloud and even the events such as Centaury [12]. Therefore, the most obvious places
for detecting strangelets are those regions of the Universe where involves cosmic ray events. In
this context, it may be mentioned that there is an extensive literature on the production of
exotic cosmic ray events with an unusually small charge-to-mass (Z/A) [49, 50, 51, 52]. It seems
natural to identify these events with strangelets; however, it has not yet reached a consensus
due to ambiguities of the mechanisms of propagation through the Earth’s atmosphere. For
example, as cited in Ref.[53], if a strangelet with baryon number of A ∼ 1000 reaches the
atmosphere, it encounter serious problems to penetrate, because the mass of the strangelet will
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rapidly decrease by the constant collisions with the air molecules. It would reach a critical
mass, below which, the strangelet simply evaporates forming neutrons.
Among the most cited experiments seeking strangelets from astrophysical sources, are the
Alpha Magnetic Spectrometer (AMS) on the International Space Station, the muon detector
ALEPH in the experiment CosmoLEP (Cosmic-Ray Experiment by Low Energy Physic ) and
experiments SLIM symbolic circuit compactor in Chacaltaya (Bolivia).
Despite the efforts of astrophysicists looking for strangelets, this is not the only way to
try to detect them; many scientists support the idea that they could be also produced in
particle accelerators experiments [54, 55]. Repeatedly BNL-AGS (Brookhaven National Lab
Experiments) and SPS (Super Proton Synchrotron) experiments are cited, and the detector
system CASTOR (calorimeter), proposed the latter as a subsystem of the ALICE (A Large Ion
Collider Experiment) in the LHC belonging to CERN [56]. The BNL-AGS, experiments are
studying heavy ion collisions in an open geometry spectrometer at energies of the order of 11
GeV Au + Pb, but so far no one has found evidences of strangelets [57]. Another experiment
that is being carried out at CERN is the NA52, where they collide Sulfur-Tungsten ions and
Lead-Lead [58], to look out for strange massive particles with relatively short lifetimes.
30
Chapter 3
Strange quark matter and magnetic fields
This chapter will be devoted to study the main properties of the quarks gas that makes up
strangelets in the presence of an external constant and homogeneous magnetic field in the
direction of the z axis; for this, I use again Liquid Drop Model formalism of the MIT Bag
Model described in the previous chapter. Due to the interaction of the magnetic field with
electrically charged particles, the x− y components of the momentum are quantized according
to Landau levels, therefore, the thermodynamic properties differ from those at zero magnetic
field. I will investigate how the properties of strangelets vary in the presence of strong magnetic
fields.
3.1 Energy spectrum of quarks in the presence of a mag-
netic field
To compute the thermodynamical quantities as in Sec.(2.3), one needs to know first the energy
spectrum of the quarks u, d and s. Such spectrum, in the presence of an external magnetic field
B, and described by the vector potential Aµ, is obtained by solving the Pauli-Dirac equation
[γµ(∂µ + iqfAµ) +mfI4]ψf = 0. (3.1)
Considering that the magnetic field in homogeneous, constant and oriented along the z−axis,
the spectrum is given by [14]:
Eν,ηp,f =
√
p2z + p
2
f ⊥ +m
2
f , pf ⊥ =
√
qfB(2ν + 1− η). (3.2)
As one should expect, the presence of the field produces a spatial symmetry breaking, with
the subsequent separation of the three components of the linear momentum of each charged
particle: one longitudinal pz along the field’s direction, and the two others are equals and
both perpendicular to the direction of the magnetic field, i.e., transversal component pf ⊥. The
transversal component is quantized in discrete Landau levels ν. The index f = u, d, s, runs over
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the quark flavors as usual, the numbers η = ±1 are the eigenvalues of the spin operator; qf ,
and mf represent the electric charge and the rest mass of each particle respectively. In Tab.3.1
are shown the values of such magnitudes used in this thesis:
Quarks u d s
qf (e) +2/3 −1/3 −1/3
mf (MeV) ∼ 5 ∼ 5 ∼ 150
Table 3.1: Values of the electric charge and rest mass of the particles involved in the study.
Notice that Eq.(3.2) can be written equivalently as
Eν,ηp,f =
√
p2z +M
η 2
ν,f , M
η
νf =
√
qfB(2ν + 1− η) +m2f (3.3)
compatible with the spectrum of a particle with mass Mην,f which depends on the magnetic
field and the states ν, η, which means a kind of “quantized magnetic mass”. The hypothetical
particle moves freely with linear momentum oriented along the field[14].
3.2 Pressure anisotropy
Already know the energy spectrum of quarks, one can compute the contributions of each of
them to the bulk thermodynamical potential, using Eq.(2.10). Due to the anisotropy in the
linear momentum, imposed by the presence of the magnetic field, the integration over the
transversal components dpxdpy of the linear momentum in Eqs. (2.10), (2.12) and (2.13) should
be replaced by the rule ∫ +∞
−∞
∫ +∞
−∞
[ ]dpx dpy → 2piqfB
∑
η=±1
νfmax∑
ν=0
[ ], (3.4)
where the sum over the Landau levels is finite till the maximum level
νfmax = I
[
µ2f −m2f
2qfB
]
, (3.5)
due to the Fermi momenta of each quark gas pfF =
√
µ2f −M± 2f ν have to be real quantities [14].
The function I[x] represents the integer part of the real number x. Taking this into account,
the thermodynamical potential can be written as
Ωf,v = −dfqfB
2pi2
νfmax∑
ν=0
[ω+f,ν(qq) + ω
−
f,ν(qq)], (3.6)
ω±f,ν(qq) =
1
β
∫ +∞
0
[
ln
[
1 + e−β(E
ν,±
p,f −µf )
]
+ ln
[
1 + e−β(E
ν,±
p,f +µf )
]]
dpz, (3.7)
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where I denoted by ω±f,ν(qq) the quark and antiquark contributions respectively, with spin
projections ±1 and being β = T−1 the inverse temperature. In an analogous way, one can write
the bulk particle densities
Nf,v =
dfqfB
2pi2
νfmax∑
ν=0
[N+f,ν(qq) +N
−
f,ν(qq)], (3.8)
N±f,ν(qq) =
∫ +∞
0
[
1
1 + eβ(E
ν,±
p,f −µf )
− 1
1 + eβ(E
ν,±
p,f +µf )
]
dpz, (3.9)
energy
Ef,v =
dfqfB
2pi2
νfmax∑
ν=0
[E+f,ν(qq) + E
−
f,ν(qq)], (3.10)
E±f,ν(qq) =
∫ +∞
0
[
Eν,±p,f
(
1
1 + eβ(E
ν,±
p,f −µf )
+
1
1 + eβ(E
ν,±
p,f +µf )
)]
dpz, (3.11)
and the magnetization
Mf,v = −∂Ωf,v
∂B , Mf,v =
dfqfB
2pi2
νfmax∑
ν=0
[M+f,ν(qq) +M
−
f,ν(qq)], (3.12)
M±f,ν(qq) =
1
B
∫ +∞
0
[(
pz
∂Eν,±p,f
∂pz
− B∂E
ν,±
p,f
∂B
)(
1
1 + eβ(E
ν,±
p,f −µf )
+
1
1 + eβ(E
ν,±
p,f +µf )
)]
dpz. (3.13)
The macroscopic limit of the energy-momentum tensor for a gas made of quarks u, d and
s (without considering surface effects) is diagonal in the presence of a strong magnetic field
as in Eq.(1.10), but in this case there appear two pressures due to the anisotropy induced by
the magnetic field [14, 15, 16, 17, 59], which is observed in the macroscopic energy-momentum
tensor:
〈Tµν〉 =

E 0 0 0
0 P⊥ 0 0
0 0 P⊥ 0
0 0 0 P‖
 , P⊥ = P‖ −MB, (3.14)
P‖ = −
∑
f=u,d,s
Ωf,v −Bbag, E =
∑
f=u,d,s
Ef,v +Bbag, M =
∑
f=u,d,s
Mf,v, (3.15)
where P⊥ corresponds to the transversal and P‖ to the parallel components of the pressure; E
and M are the energy and magnetization densities respectively. Notice that always P⊥ ≤ P‖;
such inequality is more evident as the magnetic field becomes even stronger. Therefore, strong
magnetic fields produce an anisotropy, which convey to an equatorial deformation of the quark
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gas, even producing a collapse condition if the magnetic field strength reaches a critical value
[59, 60]. However, in this study, I use a magnetic field of the order of B = 5 × 1018 G, and
consider that the regime is still isotropic (P⊥ ∼ P‖), and I can still use the spherical model for
strangelets.
Evaluating numerically the difference P‖ − P⊥, for B = 5 × 1018 G, A = 100, T = 0 and
T = 15 MeV and Bbag = 75 MeV fm−3 one gets:
(P‖ − P⊥)
∣∣
T=0
= 2.8 MeV fm−3, (P‖ − P⊥)
∣∣
T=15
= 5.9 MeV fm−3. (3.16)
In Fig.(3.1) is shown this difference P‖ − P⊥ as a function of the magnetic field B, taking
A = 100, T = 0 and T = 15 MeV and Bbag = 75 MeV fm−3. The effects of the anisotropy
become relevant precisely for fields stronger than B = 5× 1018 G.
Figure 3.1: Behavior of the anisotropy of the pressures P‖ − P⊥ = BM with the magnetic field
strength, for A = 100, T = 0, 15 MeV and Bbag = 75 MeV fm−3.
3.3 Surface terms in the presence of a magnetic field
Now I compute the surface Ωf,s and curvature Ωf,c contributions to the thermodynamical
potential using Eqs.(2.12) and (2.13), where I only modify the energy spectrum of quarks,
which contains the effects of the magnetic field. Starting with Ωf,s, magnitude identified with
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the surface tension of the gas; for which one gets
Ωf,s =
dfqfB
4pi2
νfmax∑
ν=0
[σ+f,ν(qq) + σ
−
f,ν(qq)], (3.17)
σ±f,ν(qq) =
1
β
∫ +∞
0
[
G±f,ν,s(p)
(
ln
[
1 + e−β(E
ν,±
p,f −µf )
]
+ ln
[
1 + e−β(E
ν,±
p,f +µf )
])]
dpz, (3.18)
G±f,ν,s(p) =
1√
p2z + p
2
f ⊥
arctan
(
mf
pz
)
. (3.19)
There appears a singularity for ν = 0, at pz = 0 due to the factor G±f,0(p). The integration
of σ±f,ν(qq) at T = 0 leads to the following result:
σ±f,ν(qq) ∝ − ln[pf ⊥/mf ](µf −Mηf ν). (3.20)
Similarly one gets for Ωf,c :
Ωf,c = −dfqfB
12pi2
νfmax∑
ν=0
[γ+f,ν(qq) + γ
−
f,ν(qq)], (3.21)
γ±f,ν(qq) =
1
β
∫ +∞
0
[
G±f,ν,c(p)
(
ln
[
1 + e−β(E
ν,±
p,f −µf )
]
+ ln
[
1 + e−β(E
ν,±
p,f +µf )
])]
dpz, (3.22)
G±f,ν,c(p) =
1√
p2z + p
2
f ⊥
(
1− 3
2
pz
mf
arctan
(
mf
pz
))
. (3.23)
Analogously to σ±f,ν(qq), for γ
±
f,ν(qq) one takes the limit T = 0 and one gets a divergent term
as:
γ±f,ν(qq) ∝
pimf
2pf ⊥
+ ln[pf ⊥/mf ]. (3.24)
Eqs. (3.17) and (3.21), at ν = 0 show an infrared singularity. For example, the surface contri-
bution at T = 0, diverges logarithmically as Eq. (3.20) to +∞, while the curvature contribution
diverges as Eq. (3.24), on one side to +∞ (1/pf ⊥) and logarithmically on the other side to +∞.
The second divergence is dominant against the first one, therefore, γ±f,ν(qq)→ +∞. This leads
that the total surface pressure for each quark gas diverges as Pf,S = −(Ωf,sS + Ωf,cC)→ −∞,
which become infinitely negative. These divergences can be avoided by introducing a momen-
tum cutoff pf ⊥ of each particle. The lower integration limit in Eqs.(3.17) and (3.21) will be aug-
mented by this cutoff, and beyond it, one can safely integrate both expressions. The divergences
are a consequence of considering a spherical system when obviously the magnetic field breaks
this symmetry and produces such divergences. A rigourous treatment of this phenomenon will
be in deducing the expression of the surface and curvature contributions considering the effects
of a magnetic field.
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Magnetized strangelets at finite
temperature
In this chapter, I will solve numerically the equations governing the hydrostatic equilibrium of
strangelets formed by MSQM and MCFL quark matter phases. I will study the behavior of
the energy per baryon E/A, the radius R and electric charge Z, as a function of the baryon
number A, fixing in the first case the parameters (Bbag,B, T ), while in the second case I fix
(Bbag,B, T,∆). In all the computations, I will compare to the already obtained results with
B = 0, to the see how, strong magnetic fields modify the stability, radio and electric charge.
The quark masses, the electric charge screening and the Coulomb interaction will be also taken
into account.
4.1 Strangelets from Magnetized Strange Quark Matter
Hydrostatic equilibrium conditions
Knowing a priori the energy spectrum of quarks, leads directly to compute all thermodynamic
expressions described in the previous two chapters, in particular, the free energy. The hydro-
static equilibrium condition for strangelets, is obtained by minimizing the total free energy with
respect to the volume, which is represented by Eq.(2.32), and it is written as
∂Fg
∂V
∣∣∣∣
N,T,B
+
∂Fqq
∂V
∣∣∣∣
N,T,B
+
∂EC
∂V
∣∣∣∣
N,T,B
= 0, (4.1)
being
∂Fg
∂V
∣∣∣∣
N,T,B
= Ωg,v +
2
R2
Ωg,c, (4.2)
∂Fqq
∂V
∣∣∣∣
N,T,B
= Bbag + ΩV +
2
R
ΩS +
2
R2
ΩC , (4.3)
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and
ΩV =
∑
f=u,d,s
Ωf,v, ΩS =
∑
f=u,d,s
Ωf,s, ΩC =
∑
f=u,d,s
Ωf,c. (4.4)
Given the values of Bbag, the temperature and magnetic field, the system of equations writ-
ten above together with Eq.(2.4), become a complete set of equations to determine the common
chemical potential µ and the radius R of strangelets; this fact allows to evaluate the thermody-
namical quantities, such as the particle density, total energy and electric charge. To compute
this last magnitude, the Debye screening effects will be included in the bulk contributions while
on the surface I will take the free electric charge. The sum of both contributions will give the
total electric charge:
Z = Zscreen + Zs. (4.5)
Due to the analytical complexity of all the quantities mentioned above, which are mostly
introduced by the temperature, the chemical potential and the magnetic field, all the results
below will be obtained via numerical methods.
Energy per baryon
Figure 4.1: Energy per baryon for MSQM and SQM strangelets at T = 0, 15 MeV, considering
B = 5× 1018 G and Bbag = 75 MeV fm−3.
In Fig.(4.1) are shown the energy per baryon curves for MSQM and SQM strangelets at
zero and finite temperature T = 15 MeV, assuming mu = md = 5 MeV, ms = 150 MeV, for
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Bbag = 75 MeV fm−3 and B = 5 × 1018 G. It is observed that for strangelets of MSQM, the
energy per baryon lines always lie below the ones of SQM strangelets, therefore, the magnetic
field contributes to their stability for the same value of Bbag = 75 MeV fm−3. The horizontal
line corresponds to the energy per baryon of the isotope 56Fe; for a better comparison one
should compare with the energy per baryon of the same isotope in the presence of an external
magnetic field, but the energy difference is irrelevant for the magnetic field used in this study
[60, 68], whic means that
E
A
∣∣∣∣B=0
56Fe
' E
A
∣∣∣∣B=5×1018 G
56Fe
' 930 MeV,
and therefore, it is enough to compare with the energy per baryon of 56Fe at zero magnetic
field.
The presence of a magnetic field reduces the values of the E/A, even at finite temperature,
for the used quark masses and Bag constant. The bulk contribution contains only a finite
number of terms due to the Landau level quantization produced by the magnetic field. As
the field becomes stronger, the maximum number of Landau levels decreases, contributing less
to the bulk energy; these effects predominate for large values of A. Magnetized strangelets
with relatively large baryon numbers could be absolutely stable even up to T = 15 MeV,
indicating the possibility of finding strangelets in “warm environments”, for example, in particle
accelerators. On the other hand, the effects of the temperature tend to increase the values of
the E/A as expected, due to the thermal motion of quarks and gluons.
One obtains in the first case, baryon numbers Acrit, where E/Acrit = 930 MeV. Strangelets
with baryon numbers less than this critical value, could be found in a meta-stable state, while
they could be absolutely stable with baryon numbers over Acrit. Such ranges of meta-stability,
for strangelets of MSQM are: A ≤ 241 (N ≤ 723) at T = 0, and A ≤ 2891 (N ≤ 8673) at
T = 15 MeV; above these values, strangelets of MSQM are all stable for the value of Bbag used;
this doesn’t happen to SQM strangelets, which are in meta-stable states for the same Bbag.
Worth to mention that under this description, the strangelet with A = 56 corresponding
to the “strange iron nucleus”, in both cases: B = 0 and B = 5 × 1018 G, lies inside the meta-
stability range analyzed before; this is due to the fact that the value of Bbag chosen is higher
than the cohesion energy of the isotope 56Fe; therefore, depending on Bbag, the temperature
and the magnetic field, one can compute a Acrit, for which the strangelet energy per baryon
equals to the one of 56Fe. This new restriction could be added to the set of equations Eqs.(2.4)
and (4.1), allowing us to compute Bbag as a function of this Acrit; this is shown in Fig.(4.2) and
constitutes a generalization of the computations done in Sec.(2.4).
The curves correspond to MSQM strangelets configurations with baryon number Acrit, such
that E/A coincides with the one of the isotope 56Fe and the corresponding value of Bbag. For a
constant Bbag there’s a fixed value of Acrit in each case. The straight lines of constant Bbag they
cross two regions: A < Acrít, which corresponds to the metastability regions; and A ≥ Acrit to
the absolute stability relative to 56Fe. The absolute stability range allowed by Bbag, is large in
the presence of the magnetic field as shown in Fig.(4.2).
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Figure 4.2: Dependence of the critical baryon number withBbag for MSQM and SQM strangelets
at T = 0, 15 MeV and B = 5× 1018 G.
Notice also that in Fig.(4.2), for large values of Bbag, one obtains an abrupt increase of Acrit,
reaching an asymptotic value of Bbag, above which, there are no more solutions to the equations.
If B = 0, the stability requires that Bbag < 73 MeV fm−3 at T = 0 and Bbag < 70 MeV fm−3 at
T = 15 MeV; when B = 5 × 1015 G, such limits correspond to Bbag < 79 MeV fm−3 at T = 0
and Bbag < 76 MeV fm−3 at T = 15 MeV.
Finally, for Acrit = 56, which corresponds to the strange iron nucleus, one obtains Bbag '
61.4 MeV fm−3 at T = 0 and Bbag ' 58.1 MeV fm−3 at T = 15 MeV; similar, when B =
5 × 1018 G, the ranges are Bbag ' 70.3 MeV fm−3 at T = 0 and Bbag ' 67.4 MeV fm−3 at
T = 15 MeV respectively.
Strangelets radii
The dependence of the radii of MSQM and SQM strangelets with the baryon number A, is
shown in Fig.(4.3). Due to the quarks and gluons thermal motion, the radius increases with the
temperature for a fixed baryon number. The same behavior is observed with the magnetic field,
which is a direct result of the relaxation produced on the surface. The energy preserving the
stability is diminished by the effects of the magnetic field, which tends to stabilize strangelets,
but also to increase their radii.
Analogous to atomic nuclei, between the radius R and the baryon number, one finds a
relationship like R = r0A
1
3 , for large values of A; which for the chosen parameters is:
R|0 = 0.89A
1
3 fm, R|15 = 0.91A
1
3 fm, (4.6)
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Figure 4.3: Dependence of the radii with the baryon number for Bbag = 75 MeV fm−3 and
T = 0, 15 MeV. The figure shows the radii of MSQM (B = 5.0× 1018 G) and SQM strangelets
(B = 0) respectively.
which correspond to MSQM strangelets, meanwhile
R|0 = 0.88A
1
3 fm, R|15 = 0.89A
1
3 fm, (4.7)
for SQM strangelets. Notice that, the temperature and magnetic field modify the values of r0
around 1%, being r0 greater in the case of MSQM strangelets, but always lower to the nuclear
critical radius 1.12 fm.
In Fig.(4.3), as well as in the coefficients r0 of Eqs.(4.6) and (4.7) respectively, one can see
a small deviation of the radius as a function of the magnetic field and the temperature, for a
fixed baryon number. This is due to the fact that the s quarks have a great mass compared to
u and d quarks. For B = 5 × 1018 G and T = 15 MeV, the effects of the magnetic field and
temperature are almost irrelevant for the s quarks, as can be noticed from:
M±0,u ' 11 MeV > mu, M±0,d ' 20 MeV > md, M±0,s ' 150.02 MeV ' ms (4.8)
T = 15 MeV > mu, T = 15 MeV > md, T = 15 MeV < ms, (4.9)
where Mν,f is the magnetic mass of each quark and T is the thermal energy.
When computing the radius R through Eqs.(4.1) and (4.2), massive particles contribute
relevantly to ΩS, (in this case the s quarks); classically one has the behavior R ∼ 2
∣∣∣∣ΩSΩV
∣∣∣∣ ,
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which makes the curves of R as a function of the magnetic field and the temperature vary little
with the values taken of B and T . On the other hand, if B and/or T increases such that
they reach the values B ∼ m2s/qs and T ∼ ms, then one can notice suddenly that R starts to
vary considerably, as shown in Figs.(4.4).
Figure 4.4: Dependence of the radius of MSQM and SQM strangelets with the magnetic field
and temperature for a fixed baryon number and Bbag = 75 MeV fm−3.
In the left panel of Figs.(4.4) is shown the behavior of the radius of MSQM strangelets with
A = 100 at T = 0, 15 MeV respectively, as a function of the magnetic field. In the right panel
is shown the behavior of the radius with the temperature, for A = 100, 5000 and A = 10000,
with B = 5.0 × 1018 G, and in both cases Bbag = 75 MeV fm−3. One can observe that for
fields below B = 5 × 1018 G and temperatures below 40 MeV, the strangelets radius behaves
almost constant; noticeable variations are observed for fields and temperatures above the one
mentioned before, i.e. when their values become comparable to the s quarks mass.
Electric charge
Finally, the dependence of the total electric charge given by Eq.(4.5), with respect to the baryon
number is shown in Fig.(4.5). The electric charge increases with A as expected; it also increases
with the magnetic field at a fixed baryon number; however, with the temperature, it decrease
since antiparticles begin to populate states outside the “Dirac sea”.
The relationship between electric charge and baryon number is a topic well discussed in
the scientific literature related to strangelets. At small radii, which do not exceed λD, this
dependence should be linear, because the screening effects play no role (contribute little) and
the surface contribution is negligible. As the radius increases, and consequently the baryon
number, the screening effects of the electric charge become of relevant importance and therefore,
the relation Z − A is not longer linear.
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Figure 4.5: MSQM and SQM strangelets electric charge for Bbag = 75 MeV fm−3, T = 0, 15 MeV
and B = 5.0× 1018 G.
In Ref.[45] is obtained a relation like Z ∼ A 13 . In addition to the bulk charge screening,
which would produce a behavior like Ref.[45], I have included the effects of the free surface
charge through Eq.(4.5), which introduces a factor proportional to A
1
3 due to the curvature
term, and one of the form A
2
3 due to the surface area. Obviously, for very large values of A,
the behavior is Z ∼ A 23 . However, in the range of baryon numbers I used, one can find a
relationship like Z = Z0Aα with Z0 and α given by
Z|0 = 2.21A0.53, Z|15 = 2.16A0.53, (4.10)
for MSQM strangelets, and
Z|0 = 1.62A0.53, Z|15 = 1.61A0.53, (4.11)
for SQM strangelets.
Eqs.(4.10) and (4.11) always show positively-charged strangelets configurations; as the tem-
perature increases, the coefficients Z0 decrease, in both cases, as a consequence of the antipar-
ticles contribution. With the magnetic field, a contrary effect is produced since the coefficients
Z0 increase with the field.
At zero field, the bulk densities of quarks u and d coincide because of the equality of their
rest masses, while the bulk density of quarks s is different and lower than the previous two
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because of the high mass, and because the three gasses have the same Fermi energy. The effects
of the magnetic field on the electrical charge of strangelets, start to become noticeable when
the two densities of quarks u and d, initially equal, they are split into two separate and unequal
densities due to the difference between the electric charges thereof; the density of quarks s
decreases little with the field in the range studied. Since the effects of the magnetic field affect
more the quark d, see Eqs.(4.8), the bulk density of these decreases and consequently also the
density of negative charges.
Figure 4.6: Bulk and surface fraction of u, d and s quarks for MSQM and SQM strangelets
with Bbag = 75 MeV fm−3, T = 0, 15 MeV and B = 5.0× 1018 G.
On the other hand, as the field affects little the s quarks, and as the baryon number is fixed,
the density of u quarks have to increase, thereby producing also an increase in the bulk density
of positive charges.
4.2 Strangelets of magnetized strange quark matter in the
color superconductor phase CFL
Similarly to the case of MSQM strangelets, I study in this section the relevant properties MSQM
strangelets in the magnetized CFL phase (MCFL), at finite temperature. The model used for
the study of this color superconducting phase of the MSQM, which is the most symmetric
phase, will be briefly explained. In the limit B = 0 and T = 0, the results obtained in this
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section are consistent with those obtained in Refs.[23, 26]. The parameter space in this case is
(Bbag,B, T,∆).
4.2.1 Color superconductor in the presence of a magnetic field
To study strangelets in the MCFL phase, first I will discuss some of the main features of this
phase of the SQM. The main difference between this phase and the ordinary superconductivity is
that in the last, the local symmetry U(1)γ is broken with the consequent appearance of a photon
mass term; this leads to the well known Meissner effect, which basically consists in ejection of
the magnetic field lines inside the superconductor. In the case of the color superconductivity,
the broken local symmetry is of SU(3)color and therefore the eight gluons become massive.
Quarks not only interact via gluon exchange, but also with photons since they are electrically
charged; this leads to the appearance of a massless A˜µ = Aµ cos θ−Gaµ sin θ and a massive G˜aµ =
Aµ sin θ +G
a
µ cos θ linear combinations between the photon Aµ and the gluon Gaµ components.
As a result, there appear a rotated magnetic field B˜ and a rotated electric charge e˜ = e cos θ,
such that the mixing angle θ depends on the gap structure, and in the CFL phase is given by
cos θ = g/
√
e2/3 + g2 (g is the QCD coupling constant) [61, 62]. Since the the rotated photon
remains massless, the rotated magnetic field within the color superconductor B˜ is not screened
and therefore there’s no Meissner effect.
In the region of interest for Astrophysics, e  g, so cos θ ∼ 1, then the strength of the
magnetic field inside and outside the system in the CFL phase will be approximately equal,
i.e. e˜B˜ ' eB [63]. This fact is relevant for Astrophysics, since one of the results is that the
field inside the color superconductor could be “frozen” and even strengthened in the nuclei of
compact objects with strong magnetic fields, such as magnetars [63, 64, 65, 66, 67]. Studies on
rotating of pulsars could confirm if their interiors are formed by a color superconducting phase
of the MSQM.
Discussed the effect of the field on the CFL phase of the SQM, this model will be used also to
study strangelets. I will take into account a single and common value of ∆ based on Ref.[64] for
the predominant color pairing pattern (ud, us, ds) [63, 67], and any dependence of the energy
gap with the magnetic field is neglected; however, a temperature dependence will be taken into
account. A more robust model would require the determination of ∆ from the equations of
motion, and where appears an explicit dependence on the magnetic field [65, 68]. In that case,
one obtains two energies gaps, one depends on the field and the other is independent; this is a
direct consequence of the appearance of a rotated charge in the MCFL phase [65, 68].
Hydrostatic equilibrium condition
The dependence of ∆ on the temperature T [23, 41, 69] that I will use in this thesis is given
by:
∆ = 2−1/3∆0
[
1−
(
T
Tc
)2]1/2
, (4.12)
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where Tc = 21/3eγ∆0/pi ' 0.71∆0 is the critical density, above which the color superconductor
phase disappears, forbidding the quark pairings. I will consider the effects of the color super-
conductivity only in the bulk terms, therefore, one needs to add a new contribution to the
thermodynamical potential, which depend on ∆ as:
ΩV =
∑
f=u,d,s
Ωf,v − 3∆
2µ2B
pi2
, (4.13)
where the second term of the right-hand-side, takes into account the variation of the free energy,
proportional to the square of the baryon chemical potential µB = (µu + µd + µs)/3, and it is
compensated with the quark pairs formation [64].
The color superconducting phase, is also characterized by the equality of the quarks bulk
densities, which minimizes the free energy, forcing the system to be electrically neutral [9, 40,
41, 70, 71]. This last requirement, leads to the following set of equations
Nu,v +
2∆2µB
pi2
= Nd,v +
2∆2µB
pi2
= Ns,v +
2∆2µB
pi2
. (4.14)
From Eqs.(4.14) is clear that:
• each chemical potential is different µu 6= µd 6= µs,
• the bulk electric charge of MCFL strangelets vanishes, as well as the Coulomb contribution
to the total energy, therefore, the electric charge of MCFL strangelets comes from the
surface charge distribution.
• The screening of the electric charge is negligible, in contrast with MSQM strangelets.
The hydrostatic equilibrium equations for MCFL strangelets can be written as:
∂Fg
∂V
∣∣∣∣MCFL
N,T,B
+
∂Fqq
∂V
∣∣∣∣MCFL
N,T,B
= 0, (4.15)
where
∂Fg
∂V
∣∣∣∣MCFL
N,T,B
= Ωg,v +
2
R2
Ωg,c, (4.16)
∂Fqq
∂V
∣∣∣∣MCFL
N,T,B
= Bbag + ΩV +
2
R
ΩS +
2
R2
ΩC , (4.17)
and
ΩV =
∑
f=u,d,s
Ωf,v − 3∆
2µ2B
pi2
, ΩS =
∑
f=u,d,s
Ωf,s, ΩC =
∑
f=u,d,s
Ωf,c. (4.18)
As in MSQM strangelets, given the values of Bbag, the magnetic field, temperature and the
gap energy ∆, one obtains a system of equations: Eq.(2.4) and Eqs.(4.14), which allows us to
determine the three chemical potentials µu, µd, µs and the radius R, to later evaluate the other
thermodynamical parameters and the electric charge.
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Energy per baryon
In Fig.(4.7) is shown the energy per baryon for MCFL and CFL strangelets , depending on
the baryon number A. In this case, the parameter space is the same as the previous section,
but with the addition of gap energy ∆ = 100 MeV. Notice that for the chosen ∆, the E/A is
lower than in the MSQM case, even at zero magnetic field. The formation of pairs of quarks
decreases the values of the energy per baryon; a similar result is obtained in atomic nuclei,
where isotopes with equal numbers of protons and neutrons are more stable. Similarly to what
happens for strangelets of MSQM (previous section), the surface curvature terms and play an
essential role in the stability at small baryon numbers.
Figure 4.7: Energy per baryon of MCFL and CFL strangelets at T = 0, 15 MeV, Bbag = 75 MeV
fm−3, gap energy ∆ = 100 MeV and B = 5× 1018 G, B = 0.
Fixed the values of Bbag, the temperature and the magnetic field, one can always find a
Acrit such that E/Acrit = 930 MeV. This Acrit depends strongly on the gap energy ∆. For
Bbag = 75 MeV fm−3, MCLF strangelets with ∆ = 100 MeV are meta-stables for A ≤ 3.6 at
T = 0, and A ≤ 11.6 at T = 15 MeV, which corresponds to N ≤ 11 and N ≤ 12 particles
respectively. However, for CFL strangelets the ranges are: A ≤ 7.9 at T = 0 and A ≤ 9.2 at
T = 15 MeV, with N ≤ 24 and N ≤ 28 respectively. These computations support the idea
that the color superconducting phase CFL, may be the most stable phase of matter in Nature,
since it has a lower energy per baryon than that of the SQM.
In Fig.(4.8) is shown the dependence of the critical baryon number on Bbag. The curves
represent MCFL strangelet configurations with baryon number Acrit, such that their E/A co-
46
4.2. STRANGELETS OF MAGNETIZED STRANGE QUARK MATTER IN THE COLOR
SUPERCONDUCTOR PHASE CFL
incide with the one of the isotope 56Fe and the corresponding value of Bbag. For a constant
value of Bbag the critical baryon number Acrit is fixed in each case. The lines of constant Bbag
divide two regions: A < Acrit, which corresponds to the meta-stability region; and A ≥ Acrit
to the absolute stability region relative to the 56Fe. The absolute stability range allowed for
Bbag, is bigger in the presence of a magnetic field, as observed in Fig.(4.8). Again, for values of
Bbag greater than 115 MeV fm−3, there are no longer solutions to the hydrostatic equilibrium
equations and therefore, no stable configurations of strangelets appear. At B = 0, this condi-
tion requires that Bbag ≤ 110 MeV fm−3 at T = 0 and Bbag ≤ 106 MeV fm−3 at T = 15 MeV.
On the other hand, when B = 5 × 1018 G, these values correspond to Bbag ≤ 115 MeV fm−3
at T = 0, and Bbag ≤ 112 MeV fm−3 at T = 15 MeV respectively. Hence, the presence of a
magnetic field and the color superconductivity, allow a greater stability range for strangelets.
Figure 4.8: Dependence of the critical baryon number Acrit with Bbag for MCFL and CFL
strangelets. The values of B = 5× 1018 G and B = 0, T = 0 and 15 MeV, plus ∆ = 100 MeV
have been fixed.
Strangelets radii
The radius of MCFL and CFL strangelets at Bbag = 75 MeV fm−3, ∆ = 100 MeV, T =
0, 15 MeV, B = 5.0 × 1018 G and B = 0, is shown in Fig.(4.9) as a function of the baryon
number A. In this case, one observes the same behavior of R with A, as in MSQM and SQM
strangelets.
As expected, the radius of strangelets increases with the temperature, the magnetic field
and the gap energy (similar to QSs [64]). As in the previous section, one can look for an
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Figure 4.9: Dependence of the radius of MCFL and CFL strangelets with the baryon number
A, for B = 5.0× 1018 G and B = 0, T = 0, 15 MeV, Bbag = 75 MeV fm−3 and ∆ = 100 MeV.
analytical dependence of R with A according to R = r0A
1
3 ; from where one gets:
R|0 = 0.93A
1
3 fm, R|15 = 0.94A
1
3 fm, (4.19)
for MCFL strangelets, and
R|0 = 0.91A
1
3 fm, R|15 = 0.92A
1
3 fm, (4.20)
for CFL strangelets. There’s an increase of 2% in the values of the critical radius with the
magnetic field, 1% with the temperature, and around 3% with the energy gap.
Analogously to MSQM strangelets, the little variations that suffers the radius of MCFL
strangelets with respect to the magnetic field and temperature, for a fixed baryon number, is
due to the mass of the s quarks. This can be seen in Figs.(4.10), which in the left panel show
the behavior of the MCFL strangelets radius with A = 100 at T = 0, 15 MeV respectively, as a
function of magnetic field. In the right panel is shown the behavior of R with the temperature,
for A = 100, 5000 and A = 10000, with B = 5.0 × 1018 G, and in both cases Bbag = 75 MeV
fm−3 and ∆ = 100 MeV.
Carga eléctrica
Finally, in Fig.(4.11) is shown the behavior of the electric charge with the baryon number,
for MCFL and CFL strangelets. As already discussed, the effects of the temperature tend to
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Figure 4.10: Dependence of R for MCFL strangelets on the magnetic field and temperature at
a fixed baryon number, Bbag = 75 MeV fm−3 and ∆ = 100 MeV.
decrease the values of the electric charge; the bulk contribution vanishes by the conditions given
in Eq.(4.14); to the total charge, which decreases for the magnetic field chosen, only contribute
quarks near the surface. In Fig.(4.11), is shown the ratio Z/A
2
3 to observe better the constant
behavior of Z with the baryon number for large values of A.
Figure 4.11: Electric charge of MCFL and CFL strangelets as a function of the baryon number
for B = 5.0× 1018 G, T = 0, 15 MeV, Bbag = 75 MeV fm−3 and ∆ = 100 MeV.
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For large baryon numbers, the electric charge behaves as Z = Z0A
2
3 :
Z|0 = 0.21A
2
3 , Z|15 = 0.20A
2
3 , (4.21)
for MCFL strangelets, while
Z|0 = 0.32A
2
3 , Z|15 = 0.31A
2
3 , (4.22)
for CFL strangelets. Notice that from Eqs.(4.21) and (4.22), the magnetic field chosen reduces
the surface electric charge as well as the temperature.
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Conclusions
In this thesis we have studied bounded states of a gas of quarks and gluons: strangelets. Using
the Liquid Drop Model formalism of the MIT Bag Model, it was found that the stability of
these states depends strongly on the surface properties and other characteristic thermodynamic
parameters of the system, to say, the magnetic field, temperature, Bag constant Bbag and energy
gap ∆. Two different cases of magnetised strangelets were considered: those formed by quarks
in the MSQM phase and in the MCFL phase. A comparison with the results obtained by
other researchers in the field to zero magnetic field cases in both phases was also performed.
We examined how the stability, size and electrical charge of strangelets are modified by the
presence of strong magnetic fields and temperature.
The main results of this work were:
1. The presence of a strong magnetic field produces a lower E/A, contributing positively to
the stability of strangelets in both phases of the quark matter. As one should expect,
temperature effects do the opposite by increasing the E/A reaching values such that
there’s still a range in baryon numbers where there’s no stability compared to the E/A
of the isotope 56Fe. At T = 0, strangelets achieve the minimum energy allowed by the
space of parameters under consideration.
2. Depending on the chosen space of parameters, I find ranges of baryon number where still
E/A ≤ 930MeV. It is still proven that, this range is even greater when the magnetic field
effects are included, and also the effects of the color superconductivity; obtaining a case
of absolute stability for ∆ = 100MeV. These results do not constitute a decisive prove
since the MIT Bag Model is just an approximation of QCD in a very special regime.
3. The radii of strangelets increase with the temperature and also with the magnetic field.
The first produces an increase in the thermal energy of gas of quarks and gluons; while
for the magnetic field, the confining energy exerted by the surface decreases. Theoretical
studies on the Mass-Radius relations of magnetized QSs with color superconductivity
effects included, reproduce a similar result. The gap energy also increases the radius of
strangelets.
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4. The electric charge of strangelets in both phases decreases with the temperature due to
the presence of the antiparticles. The magnetic field contributes to the increase of the
screening of the electric charge, while the surface charge decreases due to the boundary
conditions in the Liquid Drop Model. The screening charge dominates in the phase
MSQM, while only contributes the surface charge in the MCFL phase. This last could
be an important property in detecting strangelets in particle colliders or coming from
astrophysical sources.
5. The ratio Z/A represents another important feature that would allow us to distinguish
the phase of the strange quark matter present in strangelets. For large values of A,
strangelets in MSQM phase exhibit a constant rate of Z/A0.53 → Z/A2/3, while for small
baryon numbers would be constant the ratio Z/A. For strangelets in the MCFL phase,
the situation is similar: for large baryon number, the ratio Z/a2/3 would be constant,
while for small values of A the ratio Z/A1/3 would be constant.
6. Finally, in both cases studied, the solutions obtained always lead to positively charged
configurations of strangelets.
Directions to future works
From the results, many are lines of research can be addressed in the future and that are derived
from the results of this thesis. They could cover the following topics:
• Repeat the same study of strangelets in the presence of strong magnetic fields using the
shell model.
• Extend the Multiple Reflection-Expansion Method to those cases where the magnetic field
is strong enough, to study the expressions of Ωf,s, Ωf,c in the presence of those strong
fields.
• Include the effects of the magnetic field in the gap energy ∆.
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